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Boundaries:  Mathematical  Models  and 

Computational Techniques

Introduction

In  the  realm  of  mathematics  and  computational 

science,  where  shapes  and  interfaces  play  a  pivotal 

role, the study of dynamic surfaces has emerged as a 

captivating  and  interdisciplinary  field.  This  book 

embarks on an enthralling journey through the world 

of  dynamic  surfaces,  unveiling  their  intricate 

mathematical  foundations,  diverse  applications,  and 

profound  implications  across  various  scientific 

disciplines.

Dynamic  surfaces  are  fluid  boundaries  that 

continuously  evolve  over  time,  exhibiting  a 

mesmerizing dance of shapes and forms. They arise in 
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a  myriad  of  natural  phenomena  and  technological 

applications, from the flow of fluids and the growth of 

crystals to the dynamics of biological systems and the 

design of innovative materials.  Capturing the essence 

of  these  dynamic  surfaces  requires  a  sophisticated 

mathematical framework that enables us to represent, 

analyze, and simulate their intricate behavior.

Level set methods and fast marching methods stand as 

two  powerful  mathematical  tools  that  have 

revolutionized  the  study  of  dynamic  surfaces.  These 

techniques provide a versatile and efficient means to 

track  the  evolution  of  interfaces,  opening  up  new 

avenues  for  scientific  exploration  and  technological 

advancements.

This book delves into the mathematical underpinnings 

of  level  set  methods  and  fast  marching  methods, 

elucidating  their  theoretical  foundations  and 

numerical implementation. It equips readers with the 

necessary  knowledge  and  skills  to  harness  these 
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powerful tools for addressing complex problems in a 

wide range of fields.

Moreover, the book showcases the diverse applications 

of  dynamic  surfaces  in  various  scientific  disciplines, 

highlighting their transformative impact on fields such 

as  fluid dynamics,  material  science,  computer vision, 

geometric modeling, and scientific computing. Through 

these  applications,  readers  will  gain  a  deeper 

appreciation  for  the  elegance  and  versatility  of 

dynamic surfaces and their profound influence on our 

understanding of the world around us.

As  we  venture  into  the  future,  dynamic  surfaces 

continue to captivate the imaginations of researchers 

and practitioners alike. This book serves as a gateway 

to the frontiers of this rapidly evolving field, inspiring 

new  discoveries  and  paving  the  way  for 

groundbreaking applications that will shape the future 

of science and technology.
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Book Description

In  the  realm  of  science  and  engineering,  dynamic 

surfaces  play a  pivotal  role,  shaping the behavior  of 

fluids, materials, and complex systems. This book offers 

a  comprehensive  journey  into  the  world  of  dynamic 

surfaces,  unveiling  their  intricate  mathematical 

foundations,  diverse  applications,  and  profound 

implications across various disciplines.

With  clarity  and rigor,  the  book introduces  level  set 

methods  and  fast  marching  methods,  two  powerful 

mathematical tools that have revolutionized the study 

of  dynamic  surfaces.  These  techniques  provide  a 

versatile  framework for  representing,  analyzing,  and 

simulating  the  evolution  of  interfaces,  enabling 

researchers  and  practitioners  to  tackle  complex 

problems in a wide range of fields.

Delving into the applications of dynamic surfaces, the 

book showcases their transformative impact on diverse 
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scientific disciplines. In fluid dynamics, these methods 

unlock the secrets of fluid flow, capturing the intricate 

dance of eddies and vortices. In material science, they 

illuminate  the  dynamics  of  phase  transitions  and 

crystal  growth,  paving  the  way  for  the  design  of 

innovative materials.

The  book  also  explores  the  applications  of  dynamic 

surfaces  in  computer  vision,  where  they  empower 

algorithms to segment images, track objects in motion, 

and extract meaningful information from visual data. 

In  geometric  modeling,  they enable  the creation and 

manipulation of complex shapes, driving advances in 

computer-aided design and animation.

Furthermore, the book highlights the role of dynamic 

surfaces in scientific computing, where they facilitate 

the simulation of complex phenomena in fields such as 

computational  chemistry,  biology,  and physics.  These 

applications  underscore  the  versatility  and  power  of 
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dynamic surfaces as a tool for scientific discovery and 

technological advancement.

As a testament to the vibrancy of this field, the book 

concludes with a glimpse into the frontiers of dynamic 

surfaces,  where  researchers  are  pushing  the 

boundaries  of  knowledge  and  exploring  new 

applications  in  areas  such  as  quantum  computing, 

biotechnology, and machine learning. This book serves 

as a gateway to these exciting frontiers, inspiring a new 

generation of  scientists  and engineers to harness the 

power  of  dynamic  surfaces  for  groundbreaking 

discoveries and transformative technologies.
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Chapter  1:  Unveiling  the  Essence  of 

Dynamic Surfaces

Defining Dynamic Surfaces:  A Mathematical 

Perspective

Dynamic surfaces,  also known as evolving interfaces, 

are  captivating  mathematical  objects  that  exhibit 

continuous  motion  and  shape  transformations  over 

time. They arise in a myriad of natural phenomena and 

technological  applications,  ranging  from  fluid 

dynamics and material science to computer vision and 

geometric  modeling.  Understanding  the  behavior  of 

dynamic  surfaces  is  crucial  for  addressing  complex 

problems in these diverse fields.

Mathematically, dynamic surfaces can be represented 

as  level  sets  of  scalar  functions.  This  powerful 

technique, known as the level set method, allows us to 

capture  the  evolution  of  surfaces  by  tracking  the 

motion  of  their  level  sets.  The  level  set  equation,  a 

7



partial differential equation, governs the dynamics of 

these  surfaces,  providing  a  framework  for  analyzing 

their behavior and simulating their evolution.

Another fundamental concept in the study of dynamic 

surfaces  is  the  notion  of  curvature.  Curvature 

measures the local  bending of  a  surface and plays a 

crucial role in determining its properties and behavior. 

Geometric  flows,  a  class  of  partial  differential 

equations, can be used to evolve surfaces in a manner 

that preserves or modifies their curvature. This enables 

the manipulation of surfaces for various applications, 

such as shape optimization and image processing.

The study of dynamic surfaces draws upon a rich body 

of mathematical tools and techniques from fields such 

as  calculus  of  variations,  differential  geometry,  and 

numerical  analysis.  These  tools  provide  a  solid 

foundation  for  analyzing  the  behavior  of  dynamic 

surfaces,  developing  efficient  algorithms  for  their 
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simulation,  and  unlocking  their  potential  for  solving 

real-world problems.

As we delve deeper into the world of dynamic surfaces, 

we  will  explore  the  intricate  interplay  between 

mathematics  and  computation.  We  will  unravel  the 

mathematical  principles  that  govern the evolution of 

these  surfaces  and  discover  powerful  computational 

techniques for simulating and manipulating them. This 

journey will lead us to a deeper understanding of the 

dynamic world around us and empower us to harness 

the  potential  of  dynamic  surfaces  for  transformative 

applications across diverse scientific and engineering 

disciplines.
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Chapter  1:  Unveiling  the  Essence  of 

Dynamic Surfaces

Capturing Complexity: Level Set Methods and 

Fast Marching Methods

Delving  into  the  realm  of  dynamic  surfaces,  we 

encounter  a  symphony of  shapes  and interfaces  that 

exhibit captivating behaviors over time. Capturing the 

intricate details of these evolving boundaries requires 

sophisticated  mathematical  tools  that  can  accurately 

represent and simulate their dynamic nature. Among 

these  tools,  level  set  methods  and  fast  marching 

methods stand out  as  powerful  techniques that  have 

revolutionized the study of dynamic surfaces.

Level Set Methods: Capturing Interfaces with Scalar 

Functions

Level  set  methods  offer  a  versatile  approach  to 

representing  and  tracking  dynamic  surfaces  by 
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employing  a  scalar  function  known  as  the  level  set 

function. This function assigns a value to each point in 

the computational  domain,  indicating the distance to 

the closest  point  on the surface.  By solving a  partial 

differential equation known as the level set equation, 

we  can  evolve  the  level  set  function  over  time, 

effectively  capturing  the  motion  and  deformation  of 

the surface.

The beauty of level set methods lies in their ability to 

handle  complex  topologies  and  handle  changes  in 

surface topology,  such as merging,  splitting,  and self-

intersection.  This  flexibility  makes  them  particularly 

well-suited for  applications  involving fluid dynamics, 

material science, and image processing.

Fast  Marching  Methods:  Efficiently  Navigating 

Dynamic Surfaces

Fast marching methods provide an efficient means to 

compute distance functions on dynamic surfaces. These 

methods  utilize  a  wavefront  propagation  approach, 
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where a wavefront is initialized at a source point and 

expands outward, maintaining the correct distance to 

the source point. The algorithm efficiently updates the 

distance values at  each point,  ensuring accurate and 

fast computation of distance functions.

Fast marching methods find widespread application in 

optimal  path  planning,  image  segmentation,  and 

medical  imaging.  Their  ability  to  efficiently  compute 

distance  functions  on  complex  surfaces  makes  them 

invaluable for tasks such as finding the shortest path 

between  two  points  on  a  surface  or  segmenting  an 

image into meaningful regions.

The Power of Level Set Methods and Fast Marching 

Methods

The  combination  of  level  set  methods  and  fast 

marching  methods  provides  a  powerful  toolkit  for 

analyzing  and  simulating  dynamic  surfaces.  These 

methods enable us to accurately represent and evolve 

surfaces,  compute  distance  functions  efficiently,  and 

12



tackle  a  wide  range  of  problems  involving  dynamic 

boundaries.  Their  versatility  and  effectiveness  have 

made  them  indispensable  tools  in  various  scientific 

disciplines,  leading  to  groundbreaking  advances  in 

fluid dynamics, material science, computer vision, and 

beyond.
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Chapter  1:  Unveiling  the  Essence  of 

Dynamic Surfaces

Unveiling Hidden Structures: Applications in 

Fluid Dynamics

Dynamic surfaces play a pivotal role in fluid dynamics, 

offering  insights  into  the  intricate  behavior  of  fluids 

and enabling the prediction of flow patterns and fluid-

structure  interactions.  Level  set  methods  and  fast 

marching methods have emerged as powerful tools for 

capturing  the  evolution  of  fluid  interfaces  and 

unlocking the hidden structures that govern fluid flow.

In  the  realm  of  incompressible  fluid  flows,  level  set 

methods  provide  a  versatile  framework  for  tracking 

the  motion  of  fluid  interfaces.  By  representing  the 

interface as the zero level set of a scalar function, these 

methods  can  accurately  capture  complex  fluid 

behaviors such as droplet formation, bubble dynamics, 

and  liquid-gas  interactions.  The  ability  to  track 
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interfaces with high precision enables researchers and 

engineers  to  gain  a  deeper  understanding  of  fluid 

mixing,  atomization,  and  other  multiphase  flow 

phenomena.

Compressible  fluid  flows,  characterized by  variations 

in  fluid  density,  pose  additional  challenges  in  fluid 

dynamics simulations. Fast marching methods offer a 

powerful approach to address these challenges. These 

methods  leverage  the  eikonal  equation  to  efficiently 

compute travel times or distance functions in complex 

flow fields. This enables the accurate modeling of shock 

waves,  detonation  fronts,  and other  rapidly  evolving 

fluid phenomena.

The  combination  of  level  set  methods  and  fast 

marching methods has led to significant advancements 

in the study of two-phase and multiphase flows. These 

methods allow researchers to capture the dynamics of 

immiscible fluids, such as oil and water, as well as the 

complex interactions between fluids and solid objects. 
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This  has  opened  up  new  avenues  for  investigating 

phenomena  such  as  droplet  breakup,  fluid-structure 

interactions, and boiling and condensation processes.

Beyond  the  fundamental  understanding  of  fluid 

dynamics,  dynamic  surfaces  have  found  widespread 

applications  in  various  engineering  and  industrial 

domains. In the field of computational fluid dynamics 

(CFD), level set methods and fast marching methods are 

employed to simulate a wide range of flow problems, 

including  aircraft  aerodynamics,  turbomachinery 

flows, and combustion processes. These simulations aid 

in the design and optimization of fluid systems, leading 

to improved performance and efficiency.

In the realm of microfluidics, dynamic surfaces play a 

crucial role in manipulating and controlling fluid flow 

at the microscale. Level set methods and fast marching 

methods  enable  the  precise  design  of  microfluidic 

devices for applications such as lab-on-a-chip systems, 

drug delivery, and microelectronics cooling.
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The  study  of  dynamic  surfaces  in  fluid  dynamics 

continues  to  yield  new  insights  into  the  behavior  of 

fluids and unlock novel applications in various fields. 

As  these  methods  continue  to  evolve  and  new 

computational  techniques  emerge,  the  exploration  of 

dynamic  surfaces  promises  to  revolutionize  our 

understanding and control of fluid phenomena.
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This extract presents the opening three 

sections of the first chapter.

Discover the complete 10 chapters and 

50  sections  by  purchasing  the  book, 

now available in various formats.
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